This short note completes the symmetry analysis of a class of quasi-linear partial differential equations considered in the previous paper (Nonlinear Dynamics 51, 309-316 (2008)): it deals with the presence of an "exceptional" Lie point symmetry, not previously examined, which is admitted only if the involved parameters are fixed by precise relationships. The peculiarity of this symmetry is enhanced by the fact that it leads to a solution relevant in the theory of plasma physics, and also related to the presence of a nontrivial example of a conditional symmetry of weak type.
Running title: Symmetry Classification II: an exceptional case This short note is an Addendum to my previous paper [1] , and completes the "symmetry classification" of a class of quasi-linear partial differential equations. It provides the case of an "exceptional" symmetry, not previously considered, and a related solution which is relevant in plasma physics.
One of the examples examined in [1] (Sect. 5) concerned equations of the form (for the unknown function u = u(x, y))
where There is actually an "exception", not examined in [1] , which occurs when
where r, c 1 , c 2 , γ 1 , γ 2 are constants, and if the two following special relations hold
In this case indeed the new nontrivial symmetry generated by the vector field
is admitted, as it can be easily checked. The presence of this symmetry implies that if u = u(x, y) is any solution of Eq. (1) with the choice (2) and (3), then also u = u(x, y) defined by
where
and
solves the equation for any λ ∈ R.
More specifically, let me now fix r = 2 and then consider the equation
according to (3) . The choice r = 2 is relevant not only because the resulting equation has the same form as the Grad-Schlüter-Shafranov (also called BraggHawthorne) equation, well known in magnetohydrodynamics and plasma physics (see e.g. [2] and also [3, 4] , in this case one has a = −1), but also because this equation admits an interesting family of solutions, thanks to the exceptional symmetry given above, and to the following property.
It is easy to verify that the vector field
generates neither a standard (exact) symmetry nor a (properly defined) conditional symmetry (see e.g. [5, 6, 7, 8] ) for Eq. (6). Indeed, introducing as usual the additional Y -invariance condition expressed by the first-order equation
and writing Eq. (6) as ∆ = 0, one has not only (Pr is satisfied. In this sense (see [9, 10, 11] ), I say that Y is a weak conditional symmetry for Eq. (6) . Notice that a reduction of similar type was already considered [12, 13] , with the name of "anti-reduction". Accordingly, a reduction procedure for Eq. (6) 
The presence of the term x 2 in this equation confirms that Y is not a proper conditional symmetry, but the two separated equations
with
The most interesting situation occurs when a = ±4, ±8, . . .: in this case the solution (9) exists only in the region |x| ≥ |y|. It can be noticed that equation (6) admits also one of the trivial symmetries mentioned at the beginning of this paper (and discussed in [1] ), precisely the scaling
and -in addition -that the above solution (9) turns out to be invariant under this symmetry (see also [4] for the reduction of Eq. (1) obtained thanks to the symmetry X ′ ). In other words, one can say that solution (9) exhibits the peculiar property of being simultaneously invariant under the "standard" symmetry X ′ and the weak conditional one Y . Taking now advantage from the "exceptional" symmetry X [Eq. (4)] which is present in this case, we can construct from the above solution (9) a continuous family of solutions to Eq. (6) using the rule (5-5 ′ ): we obtain
which holds only in the interior of the two circles centered resp. in x 0 = 1/(2λ), y 0 = −1/(2λ) and x 0 = −1/(2λ), y 0 = −1/(2λ), both of radius 1/( √ 2λ), and excluding their intersection (it is not restrictive to assume λ > 0).
A solution of this form is relevant in the context of plasma physics because it describes a specially interesting "double-D" shaped toroidal plasma equilibrium which exhibits a rather flat plasma profile with strong pressure gradients and current gradients at the edge (see [4] for some comment on this point). This is another aspect that enhances the exceptional character of the symmetry X considered in the present note and the interest in it.
